
LTL model checking ltlmc3.2-38

given: finite TS TTT , LTL-formula ϕϕϕ

question: does T |= ϕT |= ϕT |= ϕ hold ?

construct an NBA AAA for ¬ϕ¬ϕ¬ϕ and the product T ⊗AT ⊗AT ⊗A

check whether T ⊗ A |= ♦�¬FT ⊗ A |= ♦�¬FT ⊗A |= ♦�¬F ←−←−←− persistence
checking

nested DFS
IF T ⊗A |= ♦�¬FT ⊗ A |= ♦�¬FT ⊗A |= ♦�¬F

THEN return “yes”
ELSE compute a counterexample

〈s0, p0〉 . . . 〈sn, pn〉 . . . 〈sn, pn〉〈s0, p0〉 . . . 〈sn, pn〉 . . . 〈sn, pn〉〈s0, p0〉 . . . 〈sn, pn〉 . . . 〈sn, pn〉
for T ⊗AT ⊗AT ⊗A and ♦�¬F♦�¬F♦�¬F

return “no” and s0 . . . sn . . . sns0 . . . sn . . . sns0 . . . sn . . . sn
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LTL model checking ltlmc3.2-2

finite transition
system TTT

LTL model checking

persistence checking
T ⊗A |= ♦�¬FT ⊗ A |= ♦�¬FT ⊗ A |= ♦�¬F ?

LTL formula ϕϕϕ

NBA AAA for ¬ϕ¬ϕ¬ϕ

yes no +++ counterexample
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LTL model checking ltlmc3.2-2

finite transition
system TTT

LTL model checking

persistence checking
T ⊗A |= ♦�¬FT ⊗ A |= ♦�¬FT ⊗ A |= ♦�¬F ?

LTL formula ϕϕϕ

NBA AAA for ¬ϕ¬ϕ¬ϕ

yes no +++ counterexample
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From LTL to NBA ltlmc3.2-46
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From LTL to NBA ltlmc3.2-46

For each LTL formula ϕϕϕ there is an NBA AAA s.t.

Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)
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From LTL to NBA ltlmc3.2-46

For each LTL formula ϕϕϕ there is an NBA AAA s.t.

Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)

LTL formula ϕϕϕ

NBA AAA s.t.
Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)

nondeterministic
Büchi automaton
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From LTL to NBA ltlmc3.2-46

For each LTL formula ϕϕϕ there is an NBA AAA s.t.

Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)

LTL formula ϕϕϕ

GNBA GGG s.t.
Lω(G) = Words(ϕ)Lω(G) = Words(ϕ)Lω(G) = Words(ϕ)

NBA AAA s.t.
Lω(A) = Lω(G)Lω(A) = Lω(G)Lω(A) = Lω(G)

generalized NBA
several acceptance sets

nondeterministic
Büchi automaton
111 acceptance set
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From LTL to NBA ltlmc3.2-46

For each LTL formula ϕϕϕ there is an NBA AAA s.t.

Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)Lω(A) = Words(ϕ)

LTL formula ϕϕϕ

GNBA GGG s.t.
Lω(G) = Words(ϕ)Lω(G) = Words(ϕ)Lω(G) = Words(ϕ)

NBA AAA s.t.
Lω(A) = Lω(G)Lω(A) = Lω(G)Lω(A) = Lω(G)

generalized NBA
kkk acceptance sets

nondeterministic
Büchi automaton
111 acceptance set

kkk copies of GGG
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Encoding of LTL semantics in a GNBA ltlmc3.2-39
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Encoding of LTL semantics in a GNBA ltlmc3.2-39

idea: encode the semantics of the operators appearing

in ϕϕϕ by appropriate components of the GNBA GGG
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Encoding of LTL semantics in a GNBA ltlmc3.2-39

idea: encode the semantics of the operators appearing

in ϕϕϕ by appropriate components of the GNBA GGG

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧

next©©©

until UUU
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Encoding of LTL semantics in a GNBA ltlmc3.2-39

idea: encode the semantics of the operators appearing

in ϕϕϕ by appropriate components of the GNBA GGG

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧ in the states

next©©©

until UUU

97 / 527



Encoding of LTL semantics in a GNBA ltlmc3.2-39

idea: encode the semantics of the operators appearing

in ϕϕϕ by appropriate components of the GNBA GGG

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧ in the states

next©©© in the transition relation

until UUU
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Encoding of LTL semantics in a GNBA ltlmc3.2-39

idea: encode the semantics of the operators appearing

in ϕϕϕ by appropriate components of the GNBA GGG

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧ in the states

next©©© in the transition relation

until UUU via expansion law
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Encoding of LTL semantics in a GNBA ltlmc3.2-39

idea: encode the semantics of the operators appearing

in ϕϕϕ by appropriate components of the GNBA GGG

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧ in the states

next©©© in the transition relation

until UUU via expansion law

ψ1 Uψ2ψ1 Uψ2ψ1 Uψ2 ≡≡≡ ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))
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Encoding of LTL semantics in a GNBA ltlmc3.2-39

idea: encode the semantics of the operators appearing

in ϕϕϕ by appropriate components of the GNBA GGG

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧ in the states

next©©© in the transition relation

until UUU via expansion law

ψ1 Uψ2ψ1 Uψ2ψ1 Uψ2 ≡≡≡ ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))
տտտրրր

encoded in
the states
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Encoding of LTL semantics in a GNBA ltlmc3.2-39

idea: encode the semantics of the operators appearing

in ϕϕϕ by appropriate components of the GNBA GGG

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧ in the states

next©©© in the transition relation

until UUU via expansion law

ψ1 Uψ2ψ1 Uψ2ψ1 Uψ2 ≡≡≡ ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))
տտտրրր ↑↑↑

encoded in
the states

encoded in the
transition relation
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Encoding of LTL semantics in a GNBA ltlmc3.2-39

idea: encode the semantics of the operators appearing

in ϕϕϕ by appropriate components of the GNBA GGG

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧ in the states

next©©© in the transition relation

until UUU expansion law, least fixed point

ψ1 Uψ2ψ1 Uψ2ψ1 Uψ2 ≡≡≡ ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2)) ↑↑↑
տտտրրր ↑↑↑

encoded in
the states

encoded in the
transition relation

acceptance
condition
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LTL    GNBA ltlmc3.2-46a
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LTL    GNBA ltlmc3.2-46a

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)
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LTL    GNBA ltlmc3.2-46a

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ
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LTL    GNBA ltlmc3.2-46a

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG
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LTL    GNBA ltlmc3.2-46a

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

A0A0A0 A1A1A1 A2A2A2 A3A3A3 ......... ∈ Words(ϕ)∈ Words(ϕ)∈Words(ϕ)
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LTL    GNBA ltlmc3.2-46a

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

A0A0A0 A1A1A1 A2A2A2 A3A3A3 ......... ∈ Words(ϕ)∈ Words(ϕ)∈Words(ϕ)
↓↓↓ ↓↓↓ ↓↓↓ ↓↓↓
B0B0B0 B1B1B1 B2B2B2 B3B3B3 ......... accepting run

where Bi =
{
ψ ∈ cl(ϕ) : AiAi+1Ai+2... |= ψ

}
Bi =

{
ψ ∈ cl(ϕ) : AiAi+1Ai+2... |= ψ

}
Bi =

{
ψ ∈ cl(ϕ) : AiAi+1Ai+2... |= ψ

}
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LTL    GNBA ltlmc3.2-46a

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

A0A0A0 A1A1A1 A2A2A2 A3A3A3 ......... ∈ Words(ϕ)∈ Words(ϕ)∈Words(ϕ)
↓↓↓ ↓↓↓ ↓↓↓ ↓↓↓
B0B0B0 B1B1B1 B2B2B2 B3B3B3 ......... accepting run

where Bi =
{
ψ ∈ cl(ϕ) : AiAi+1Ai+2... |= ψ

}
Bi =

{
ψ ∈ cl(ϕ) : AiAi+1Ai+2... |= ψ

}
Bi =

{
ψ ∈ cl(ϕ) : AiAi+1Ai+2... |= ψ

}
xxx

set of subformulas of ϕϕϕ and their negations

110 / 527



LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)
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LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
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LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓ ↓
B0 B1 B2 B3 B4 B5

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓ ↓
B0 B1 B2 B3 B4 B5

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓ ↓
B0 B1 B2 B3 B4 B5
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LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) ψ = ¬a ∧ bψ = ¬a ∧ bψ = ¬a ∧ b

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓ ↓
B0 B1 B2 B3 B4 B5

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓ ↓
B0 B1 B2 B3 B4 B5

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓ ↓
B0 B1 B2 B3 B4 B5

where the BiBiBi ’s are subsets of

{a,¬a, b,¬b, ψ,¬ψ, ϕ,¬ϕ}{a,¬a, b,¬b, ψ,¬ψ, ϕ,¬ϕ}{a,¬a, b,¬b, ψ,¬ψ, ϕ,¬ϕ}
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LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) ψ = ¬a ∧ bψ = ¬a ∧ bψ = ¬a ∧ b

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓

a
¬b
¬ψ
ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ

↓

a
¬b
¬ψ
ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓

a
¬b
¬ψ
ϕ

just for better readability:
tuple rather than set notation
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LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) ψ = ¬a ∧ bψ = ¬a ∧ bψ = ¬a ∧ b

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ

↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ
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LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) ψ = ¬a ∧ bψ = ¬a ∧ bψ = ¬a ∧ b

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ

↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ
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LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) ψ = ¬a ∧ bψ = ¬a ∧ bψ = ¬a ∧ b

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

¬a
b
ψ
ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ

↓ ↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

¬a
b
ψ
ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

¬a
b
ψ
ϕ
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LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) ψ = ¬a ∧ bψ = ¬a ∧ bψ = ¬a ∧ b

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

¬a
b
ψ
ϕ

¬a
¬b
¬ψ
¬ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ

↓ ↓ ↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

¬a
b
ψ
ϕ

¬a
¬b
¬ψ
¬ϕ

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

¬a
b
ψ
ϕ

¬a
¬b
¬ψ
¬ϕ

119 / 527



LTL    GNBA ltlmc3.2-47

LTL formula ϕϕϕ   GNBA GGG for Words(ϕ)Words(ϕ)Words(ϕ)

states of GGG =̂̂=̂= (certain) sets of subformulas of ϕϕϕ

s.t. each word σ = A0 A1 A2... ∈ Words(ϕ)σ = A0 A1 A2... ∈Words(ϕ)σ = A0 A1 A2... ∈ Words(ϕ) can be
extended to an accepting run B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . in GGG

Example: ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) ψ = ¬a ∧ bψ = ¬a ∧ bψ = ¬a ∧ b

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

¬a
b
ψ
ϕ

¬a
¬b
¬ψ
¬ϕ

¬a
¬b
¬ψ
¬ϕ

. . .. . .. . .

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ

↓ ↓ ↓ ↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

¬a
b
ψ
ϕ

¬a
¬b
¬ψ
¬ϕ

¬a
¬b
¬ψ
¬ϕ

. . .. . .. . .

{a} {a} {a, b} {b} ∅ ∅ . . . |= ϕ
↓ ↓ ↓ ↓ ↓ ↓

a
¬b
¬ψ
ϕ

a
¬b
¬ψ
ϕ

a
b
¬ψ
ϕ

¬a
b
ψ
ϕ

¬a
¬b
¬ψ
¬ϕ

¬a
¬b
¬ψ
¬ϕ

. . .. . .. . .

120 / 527



Closure of LTL formulas ltlmc3.2-48
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Closure of LTL formulas ltlmc3.2-48

Let ϕϕϕ be an LTL formula. Then:

subf (ϕ)subf (ϕ)subf (ϕ)
def
=
def
=
def
= set of all subformulas of ϕϕϕ
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Closure of LTL formulas ltlmc3.2-48

Let ϕϕϕ be an LTL formula. Then:

subf (ϕ)subf (ϕ)subf (ϕ)
def
=
def
=
def
= set of all subformulas of ϕϕϕ

cl(ϕ)cl(ϕ)cl(ϕ)
def
=
def
=
def
= subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}

where ψψψ and ¬¬ψ¬¬ψ¬¬ψ are identified
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Closure of LTL formulas ltlmc3.2-48

Let ϕϕϕ be an LTL formula. Then:

subf (ϕ)subf (ϕ)subf (ϕ)
def
=
def
=
def
= set of all subformulas of ϕϕϕ

cl(ϕ)cl(ϕ)cl(ϕ)
def
=
def
=
def
= subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}

where ψψψ and ¬¬ψ¬¬ψ¬¬ψ are identified

Example: if ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) then

cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}
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Closure of LTL formulas ltlmc3.2-48

Let ϕϕϕ be an LTL formula. Then:

subf (ϕ)subf (ϕ)subf (ϕ)
def
=
def
=
def
= set of all subformulas of ϕϕϕ

cl(ϕ)cl(ϕ)cl(ϕ)
def
=
def
=
def
= subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}

where ψψψ and ¬¬ψ¬¬ψ¬¬ψ are identified

Example: if ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) then

cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}

Example: if ϕ′ = �aϕ′ = �aϕ′ = �a
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Closure of LTL formulas ltlmc3.2-48

Let ϕϕϕ be an LTL formula. Then:

subf (ϕ)subf (ϕ)subf (ϕ)
def
=
def
=
def
= set of all subformulas of ϕϕϕ

cl(ϕ)cl(ϕ)cl(ϕ)
def
=
def
=
def
= subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}

where ψψψ and ¬¬ψ¬¬ψ¬¬ψ are identified

Example: if ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) then

cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}

Example: if ϕ′ = �aϕ′ = �aϕ′ = �a = ¬♦¬a = ¬(true U¬a)= ¬♦¬a = ¬(true U¬a)= ¬♦¬a = ¬(true U¬a)
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Closure of LTL formulas ltlmc3.2-48

Let ϕϕϕ be an LTL formula. Then:

subf (ϕ)subf (ϕ)subf (ϕ)
def
=
def
=
def
= set of all subformulas of ϕϕϕ

cl(ϕ)cl(ϕ)cl(ϕ)
def
=
def
=
def
= subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}subf (ϕ) ∪ {¬ψ : ψ ∈ subf (ϕ)}

where ψψψ and ¬¬ψ¬¬ψ¬¬ψ are identified

Example: if ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b) then

cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}cl(ϕ) = {a, b,¬a ∧ b, ϕ} ∪ {¬a,¬b,¬(¬a ∧ b),¬ϕ}

Example: if ϕ′ = �aϕ′ = �aϕ′ = �a = ¬♦¬a = ¬(true U¬a)= ¬♦¬a = ¬(true U¬a)= ¬♦¬a = ¬(true U¬a) then

cl(ϕ′) = {a,¬a, true,¬true,�a,¬�a}cl(ϕ′) = {a,¬a, true,¬true,�a,¬�a}cl(ϕ′) = {a,¬a, true,¬true,�a,¬�a}
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Elementary formula-sets ltlmc3.2-50
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Elementary formula-sets ltlmc3.2-50

Let B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ). BBB is called elementary if:
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Elementary formula-sets ltlmc3.2-50

Let B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ). BBB is called elementary if:

(1) BBB is consistent w.r.t. propositional logic

(2) BBB is maximal consistent

(3) BBB is locally consistent with respect to until UUU:
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Elementary formula-sets ltlmc3.2-50

Let B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ). BBB is called elementary if:

(1) BBB is consistent w.r.t. propositional logic

if ψ ∈ Bψ ∈ Bψ ∈ B then ¬ψ /∈ B¬ψ /∈ B¬ψ /∈ B

(2) BBB is maximal consistent

(3) BBB is locally consistent with respect to until UUU:
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Elementary formula-sets ltlmc3.2-50

Let B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ). BBB is called elementary if:

(1) BBB is consistent w.r.t. propositional logic

if ψ ∈ Bψ ∈ Bψ ∈ B then ¬ψ /∈ B¬ψ /∈ B¬ψ /∈ B

if ψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ B then ¬ψ1 /∈ B¬ψ1 /∈ B¬ψ1 /∈ B and ¬ψ2 /∈ B¬ψ2 /∈ B¬ψ2 /∈ B

(2) BBB is maximal consistent

(3) BBB is locally consistent with respect to until UUU:
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Elementary formula-sets ltlmc3.2-50

Let B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ). BBB is called elementary if:

(1) BBB is consistent w.r.t. propositional logic

if ψ ∈ Bψ ∈ Bψ ∈ B then ¬ψ /∈ B¬ψ /∈ B¬ψ /∈ B

if ψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ B then ¬ψ1 /∈ B¬ψ1 /∈ B¬ψ1 /∈ B and ¬ψ2 /∈ B¬ψ2 /∈ B¬ψ2 /∈ B

if ψ1 ∈ Bψ1 ∈ Bψ1 ∈ B and ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B then ¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B

(2) BBB is maximal consistent

(3) BBB is locally consistent with respect to until UUU:
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Elementary formula-sets ltlmc3.2-50

Let B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ). BBB is called elementary if:

(1) BBB is consistent w.r.t. propositional logic

if ψ ∈ Bψ ∈ Bψ ∈ B then ¬ψ /∈ B¬ψ /∈ B¬ψ /∈ B

if ψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ B then ¬ψ1 /∈ B¬ψ1 /∈ B¬ψ1 /∈ B and ¬ψ2 /∈ B¬ψ2 /∈ B¬ψ2 /∈ B

if ψ1 ∈ Bψ1 ∈ Bψ1 ∈ B and ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B then ¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B

if false ∈ cl(ϕ)false ∈ cl(ϕ)false ∈ cl(ϕ) then false /∈ Bfalse /∈ Bfalse /∈ B

(2) BBB is maximal consistent

(3) BBB is locally consistent with respect to until UUU:
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Elementary formula-sets ltlmc3.2-50

Let B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ). BBB is called elementary if:

(1) BBB is consistent w.r.t. propositional logic

if ψ ∈ Bψ ∈ Bψ ∈ B then ¬ψ /∈ B¬ψ /∈ B¬ψ /∈ B

if ψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ B then ¬ψ1 /∈ B¬ψ1 /∈ B¬ψ1 /∈ B and ¬ψ2 /∈ B¬ψ2 /∈ B¬ψ2 /∈ B

if ψ1 ∈ Bψ1 ∈ Bψ1 ∈ B and ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B then ¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B

if false ∈ cl(ϕ)false ∈ cl(ϕ)false ∈ cl(ϕ) then false /∈ Bfalse /∈ Bfalse /∈ B

(2) BBB is maximal consistent

if ψ ∈ cl(ϕ) \ Bψ ∈ cl(ϕ) \ Bψ ∈ cl(ϕ) \ B then ¬ψ ∈ B¬ψ ∈ B¬ψ ∈ B

(3) BBB is locally consistent with respect to until UUU:
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Elementary formula-sets ltlmc3.2-50

Let B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ). BBB is called elementary if:

(1) BBB is consistent w.r.t. propositional logic

if ψ ∈ Bψ ∈ Bψ ∈ B then ¬ψ /∈ B¬ψ /∈ B¬ψ /∈ B

if ψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ B then ¬ψ1 /∈ B¬ψ1 /∈ B¬ψ1 /∈ B and ¬ψ2 /∈ B¬ψ2 /∈ B¬ψ2 /∈ B

if ψ1 ∈ Bψ1 ∈ Bψ1 ∈ B and ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B then ¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B

if false ∈ cl(ϕ)false ∈ cl(ϕ)false ∈ cl(ϕ) then false /∈ Bfalse /∈ Bfalse /∈ B

(2) BBB is maximal consistent

if ψ ∈ cl(ϕ) \ Bψ ∈ cl(ϕ) \ Bψ ∈ cl(ϕ) \ B then ¬ψ ∈ B¬ψ ∈ B¬ψ ∈ B

(3) BBB is locally consistent with respect to until UUU:

if ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B and ¬ψ2 ∈ B¬ψ2 ∈ B¬ψ2 ∈ B then ¬ψ1 6∈ B¬ψ1 6∈ B¬ψ1 6∈ B
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Elementary formula-sets ltlmc3.2-50

Let B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ). BBB is called elementary if:

(1) BBB is consistent w.r.t. propositional logic

if ψ ∈ Bψ ∈ Bψ ∈ B then ¬ψ /∈ B¬ψ /∈ B¬ψ /∈ B

if ψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ B then ¬ψ1 /∈ B¬ψ1 /∈ B¬ψ1 /∈ B and ¬ψ2 /∈ B¬ψ2 /∈ B¬ψ2 /∈ B

if ψ1 ∈ Bψ1 ∈ Bψ1 ∈ B and ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B then ¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B¬(ψ1 ∧ ψ2) /∈ B

if false ∈ cl(ϕ)false ∈ cl(ϕ)false ∈ cl(ϕ) then false /∈ Bfalse /∈ Bfalse /∈ B

(2) BBB is maximal consistent

if ψ ∈ cl(ϕ) \ Bψ ∈ cl(ϕ) \ Bψ ∈ cl(ϕ) \ B then ¬ψ ∈ B¬ψ ∈ B¬ψ ∈ B

(3) BBB is locally consistent with respect to until UUU:

if ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B and ¬ψ2 ∈ B¬ψ2 ∈ B¬ψ2 ∈ B then ¬ψ1 6∈ B¬ψ1 6∈ B¬ψ1 6∈ B

if ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B and ψ1 Uψ2 ∈ cl(ϕ)ψ1 Uψ2 ∈ cl(ϕ)ψ1 Uψ2 ∈ cl(ϕ) then ¬(ψ1 Uψ2) /∈ B¬(ψ1 Uψ2) /∈ B¬(ψ1 Uψ2) /∈ B
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Elementary formula-sets ltlmc3.2-50a

B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ) is elementary iff:

(i) BBB is maximal consistent w.r.t. prop. logic,

i.e., if ψψψ, ψ1 ∧ ψ2 ∈ cl(ϕ)ψ1 ∧ ψ2 ∈ cl(ϕ)ψ1 ∧ ψ2 ∈ cl(ϕ) then:

ψ 6∈ Bψ 6∈ Bψ 6∈ B iff ¬ψ ∈ B¬ψ ∈ B¬ψ ∈ B

ψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ B iff ψ1 ∈ Bψ1 ∈ Bψ1 ∈ B and ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B

true ∈ cl(ϕ)true ∈ cl(ϕ)true ∈ cl(ϕ) implies true ∈ Btrue ∈ Btrue ∈ B

(ii) BBB is locally consistent with respect to until UUU,

i.e., if ψ1 Uψ2 ∈ cl(ϕ)ψ1 Uψ2 ∈ cl(ϕ)ψ1 Uψ2 ∈ cl(ϕ) then:

if ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B and ψ2 6∈ Bψ2 6∈ Bψ2 6∈ B then ψ1 ∈ Bψ1 ∈ Bψ1 ∈ B

if ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B then ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B
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Elementary or not? ltlmc3.2-49

Let ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b).

B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ}
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Elementary or not? ltlmc3.2-49

Let ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b).

B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ} not elementary
propositional inconsistent
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Elementary or not? ltlmc3.2-49

Let ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b).

B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ} not elementary
propositional inconsistent

B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ}
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Elementary or not? ltlmc3.2-49

Let ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b).

B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ} not elementary
propositional inconsistent

B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ} not elementary, not maximal
as ¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2

¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2

142 / 527



Elementary or not? ltlmc3.2-49

Let ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b).

B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ} not elementary
propositional inconsistent

B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ} not elementary, not maximal
as ¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2

¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2

B3 = {¬a, b,¬a ∧ b,¬ϕ}B3 = {¬a, b,¬a ∧ b,¬ϕ}B3 = {¬a, b,¬a ∧ b,¬ϕ}
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Elementary or not? ltlmc3.2-49

Let ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b).

B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ} not elementary
propositional inconsistent

B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ} not elementary, not maximal
as ¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2

¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2

B3 = {¬a, b,¬a ∧ b,¬ϕ}B3 = {¬a, b,¬a ∧ b,¬ϕ}B3 = {¬a, b,¬a ∧ b,¬ϕ} not elementary
not locally consistent for UUU
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Elementary or not? ltlmc3.2-49

Let ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b).

B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ} not elementary
propositional inconsistent

B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ} not elementary, not maximal
as ¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2

¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2

B3 = {¬a, b,¬a ∧ b,¬ϕ}B3 = {¬a, b,¬a ∧ b,¬ϕ}B3 = {¬a, b,¬a ∧ b,¬ϕ} not elementary
not locally consistent for UUU

B4 = {¬a,¬b,¬(¬a ∧ b),¬ϕ}B4 = {¬a,¬b,¬(¬a ∧ b),¬ϕ}B4 = {¬a,¬b,¬(¬a ∧ b),¬ϕ}
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Elementary or not? ltlmc3.2-49

Let ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b).

B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ}B1 = {a, b,¬a ∧ b, ϕ} not elementary
propositional inconsistent

B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ}B2 = {¬a, b, ϕ} not elementary, not maximal
as ¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2¬a ∧ b 6∈ B2

¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2¬(¬a ∧ b) 6∈ B2

B3 = {¬a, b,¬a ∧ b,¬ϕ}B3 = {¬a, b,¬a ∧ b,¬ϕ}B3 = {¬a, b,¬a ∧ b,¬ϕ} not elementary
not locally consistent for UUU

B4 = {¬a,¬b,¬(¬a ∧ b),¬ϕ}B4 = {¬a,¬b,¬(¬a ∧ b),¬ϕ}B4 = {¬a,¬b,¬(¬a ∧ b),¬ϕ} elementary
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Example: elementary formula-sets ltlmc3.2-51

closure cl(ϕ)cl(ϕ)cl(ϕ):

• set of all subformulas of ϕϕϕ and their negations
• ψψψ and ¬¬ψ¬¬ψ¬¬ψ are identified

elementary formula-sets: subsets BBB of cl(ϕ)cl(ϕ)cl(ϕ)
• maximal consistent w.r.t. propositional logic

• locally consistent w.r.t. UUU

For ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b)ϕ = a U(¬a ∧ b), the elementary sets are:

{ a, b,¬(¬a ∧ b), ϕ}{ a, b,¬(¬a ∧ b), ϕ}{ a, b,¬(¬a ∧ b), ϕ}

{ a,¬b,¬(¬a ∧ b), ϕ}{ a,¬b,¬(¬a ∧ b), ϕ}{ a,¬b,¬(¬a ∧ b), ϕ}

{¬a, b, ¬a ∧ b , ϕ}{¬a, b, ¬a ∧ b , ϕ}{¬a, b, ¬a ∧ b , ϕ}

{ a, b,¬(¬a ∧ b),¬ϕ}{ a, b,¬(¬a ∧ b),¬ϕ}{ a, b,¬(¬a ∧ b),¬ϕ}

{ a,¬b,¬(¬a ∧ b),¬ϕ}{ a,¬b,¬(¬a ∧ b),¬ϕ}{ a,¬b,¬(¬a ∧ b),¬ϕ}

{¬a,¬b,¬(¬a ∧ b),¬ϕ}{¬a,¬b,¬(¬a ∧ b),¬ϕ}{¬a,¬b,¬(¬a ∧ b),¬ϕ}
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Encoding of LTL semantics in a GNBA ltlmc3.2-39-copy

idea: encode the semantics of the operators appearing
in ϕϕϕ by appropriate components of the GNBA GGG:

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧ in the states

next©©© in the transition relation

until UUU expansion law, least fixed point

ψ1 Uψ2ψ1 Uψ2ψ1 Uψ2 ≡≡≡ ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))
xxx

տտտրրր ↑↑↑
encoded in
the states

encoded in the
transition relation

acceptance
condition
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Encoding of LTL semantics in a GNBA ltlmc3.2-39-copy

idea: encode the semantics of the operators appearing
in ϕϕϕ by appropriate components of the GNBA GGG:

semantics of ... encoding

propositional logic
truetruetrue, ¬¬¬, ∧∧∧ in the states ←−←−←− elementary

formula sets

next©©© in the transition relation

until UUU expansion law, least fixed point

ψ1 Uψ2ψ1 Uψ2ψ1 Uψ2 ≡≡≡ ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))ψ2 ∨ (ψ1 ∧©(ψ1 Uψ2))
xxx

տտտրրր ↑↑↑
elementary
formula sets

encoded in the
transition relation

acceptance
condition
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GNBA for LTL-formula ϕϕϕ ltlmc3.2-57
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GNBA for LTL-formula ϕϕϕ ltlmc3.2-57

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)
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GNBA for LTL-formula ϕϕϕ ltlmc3.2-57

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}
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GNBA for LTL-formula ϕϕϕ ltlmc3.2-57

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}

initial states: Q0Q0Q0 ===
{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}
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GNBA for LTL-formula ϕϕϕ ltlmc3.2-57

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}

initial states: Q0Q0Q0 ===
{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}

transition relation: for B ∈ QB ∈ QB ∈ Q and A ∈ 2APA ∈ 2APA ∈ 2AP :

if A 6= B ∩ APA 6= B ∩ APA 6= B ∩ AP then δ(B,A) = ∅δ(B ,A) = ∅δ(B ,A) = ∅
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GNBA for LTL-formula ϕϕϕ ltlmc3.2-57

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}

initial states: Q0Q0Q0 ===
{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}

transition relation: for B ∈ QB ∈ QB ∈ Q and A ∈ 2APA ∈ 2APA ∈ 2AP :

if A 6= B ∩ APA 6= B ∩ APA 6= B ∩ AP then δ(B,A) = ∅δ(B ,A) = ∅δ(B ,A) = ∅

if A = B ∩ APA = B ∩ APA = B ∩ AP then δ(B,A) =δ(B ,A) =δ(B ,A) = set of all B ′ ∈ QB ′ ∈ QB ′ ∈ Q s.t.

©ψ ∈ B©ψ ∈ B©ψ ∈ B iff ψ ∈ B ′ψ ∈ B ′ψ ∈ B ′

ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B iff (ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)
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GNBA for LTL-formula ϕϕϕ ltlmc3.2-57

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}

initial states: Q0Q0Q0 ===
{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}

transition relation: for B ∈ QB ∈ QB ∈ Q and A ∈ 2APA ∈ 2APA ∈ 2AP :

if A 6= B ∩ APA 6= B ∩ APA 6= B ∩ AP then δ(B,A) = ∅δ(B ,A) = ∅δ(B ,A) = ∅

if A = B ∩ APA = B ∩ APA = B ∩ AP then δ(B,A) =δ(B ,A) =δ(B ,A) = set of all B ′ ∈ QB ′ ∈ QB ′ ∈ Q s.t.

©ψ ∈ B©ψ ∈ B©ψ ∈ B iff ψ ∈ B ′ψ ∈ B ′ψ ∈ B ′

ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B iff (ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)

acceptance set F =
{
Fψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}
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GNBA for LTL-formula ϕϕϕ ltlmc3.2-57

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}

initial states: Q0Q0Q0 ===
{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}

transition relation: for B ∈ QB ∈ QB ∈ Q and A ∈ 2APA ∈ 2APA ∈ 2AP :

if A 6= B ∩ APA 6= B ∩ APA 6= B ∩ AP then δ(B,A) = ∅δ(B ,A) = ∅δ(B ,A) = ∅

if A = B ∩ APA = B ∩ APA = B ∩ AP then δ(B,A) =δ(B ,A) =δ(B ,A) = set of all B ′ ∈ QB ′ ∈ QB ′ ∈ Q s.t.

©ψ ∈ B©ψ ∈ B©ψ ∈ B iff ψ ∈ B ′ψ ∈ B ′ψ ∈ B ′

ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B iff (ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)

acceptance set F =
{
Fψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

where Fψ1 Uψ2
=

{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
F ψ1 Uψ2

=
{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
Fψ1 Uψ2

=
{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-52

158 / 527



Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-52

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-52

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

initial states: formula-sets BBB with©a ∈ B©a ∈ B©a ∈ B
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-52

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

initial states: formula-sets BBB with©a ∈ B©a ∈ B©a ∈ B

transition relation:

if©a ∈ B©a ∈ B©a ∈ B then δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B,B ∩ {a}) = {B ′ : a ∈ B ′}

161 / 527



Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-52

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

aaa
aaa

initial states: formula-sets BBB with©a ∈ B©a ∈ B©a ∈ B

transition relation:

if©a ∈ B©a ∈ B©a ∈ B then δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B,B ∩ {a}) = {B ′ : a ∈ B ′}
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-52

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

aaa
aaa

¬a¬a¬a

¬a¬a¬a

initial states: formula-sets BBB with©a ∈ B©a ∈ B©a ∈ B

transition relation:

if©a ∈ B©a ∈ B©a ∈ B then δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B,B ∩ {a}) = {B ′ : a ∈ B ′}
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-52

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

aaa
aaa

¬a¬a¬a

¬a¬a¬a

initial states: formula-sets BBB with©a ∈ B©a ∈ B©a ∈ B

transition relation:

if©a ∈ B©a ∈ B©a ∈ B then δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B,B ∩ {a}) = {B ′ : a ∈ B ′}

if©a /∈ B©a /∈ B©a /∈ B then δ(B ,B ∩ {a}) = {B ′ : a 6∈ B ′}δ(B ,B ∩ {a}) = {B ′ : a 6∈ B ′}δ(B,B ∩ {a}) = {B ′ : a 6∈ B ′}
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-52

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

aaa
aaa

aaa¬a¬a¬a

¬a¬a¬a

aaa

initial states: formula-sets BBB with©a ∈ B©a ∈ B©a ∈ B

transition relation:

if©a ∈ B©a ∈ B©a ∈ B then δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B,B ∩ {a}) = {B ′ : a ∈ B ′}

if©a /∈ B©a /∈ B©a /∈ B then δ(B ,B ∩ {a}) = {B ′ : a 6∈ B ′}δ(B ,B ∩ {a}) = {B ′ : a 6∈ B ′}δ(B,B ∩ {a}) = {B ′ : a 6∈ B ′}

165 / 527



Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-52

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

aaa

¬a¬a¬a

aaa

aaa

¬a¬a¬a

¬a¬a¬a

¬a¬a¬a

aaa

initial states: formula-sets BBB with©a ∈ B©a ∈ B©a ∈ B

transition relation:

if©a ∈ B©a ∈ B©a ∈ B then δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B ,B ∩ {a}) = {B ′ : a ∈ B ′}δ(B,B ∩ {a}) = {B ′ : a ∈ B ′}

if©a /∈ B©a /∈ B©a /∈ B then δ(B ,B ∩ {a}) = {B ′ : a 6∈ B ′}δ(B ,B ∩ {a}) = {B ′ : a 6∈ B ′}δ(B,B ∩ {a}) = {B ′ : a 6∈ B ′}
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

¬a¬a¬a

aaa
aaa

¬a¬a¬a

aaa

¬a¬a¬a

¬a¬a¬a

aaa

set of acceptance sets:
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

¬a¬a¬a

aaa
aaa

¬a¬a¬a

aaa

¬a¬a¬a

¬a¬a¬a

aaa

set of acceptance sets: F = ∅F = ∅F = ∅

hence: all words having an infinite run are accepted
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

¬a¬a¬a

aaa
aaa

¬a¬a¬a

aaa

¬a¬a¬a

¬a¬a¬a

aaa

set of acceptance sets: F = ∅F = ∅F = ∅

∅∅∅ {a}{a}{a} {a}{a}{a} ∅∅∅ ∅∅∅ . . .. . .. . . |= ©a|= ©a|= ©a
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

¬a¬a¬a

aaa
aaa

¬a¬a¬a

aaa

¬a¬a¬a

¬a¬a¬a

aaa

set of acceptance sets: F = ∅F = ∅F = ∅

∅∅∅

↓↓↓

¬a¬a¬a
©a©a©a

{a}{a}{a} {a}{a}{a} ∅∅∅ ∅∅∅ . . .. . .. . . |= ©a|= ©a|= ©a
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

¬a¬a¬a

aaa
aaa

¬a¬a¬a

aaa

¬a¬a¬a

¬a¬a¬a

aaa

set of acceptance sets: F = ∅F = ∅F = ∅

∅∅∅

↓↓↓

¬a¬a¬a
©a©a©a

{a}{a}{a}
↓↓↓

aaa
©a©a©a

{a}{a}{a} ∅∅∅ ∅∅∅ . . .. . .. . . |= ©a|= ©a|= ©a
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

¬a¬a¬a

aaa
aaa

¬a¬a¬a

aaa

¬a¬a¬a

¬a¬a¬a

aaa

set of acceptance sets: F = ∅F = ∅F = ∅

∅∅∅

↓↓↓

¬a¬a¬a
©a©a©a

{a}{a}{a}
↓↓↓

aaa
©a©a©a

{a}{a}{a} ∅∅∅

↓↓↓

aaa
¬©a¬©a¬©a

∅∅∅ . . .. . .. . . |= ©a|= ©a|= ©a
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

¬a¬a¬a

aaa
aaa

¬a¬a¬a

aaa

¬a¬a¬a

¬a¬a¬a

aaa

set of acceptance sets: F = ∅F = ∅F = ∅

∅∅∅

↓↓↓

¬a¬a¬a
©a©a©a

{a}{a}{a}
↓↓↓

aaa
©a©a©a

{a}{a}{a} ∅∅∅

↓↓↓

aaa
¬©a¬©a¬©a

∅∅∅ . . .. . .. . .
↓↓↓

¬a¬a¬a
¬©a¬©a¬©a

|= ©a|= ©a|= ©a
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Example: GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

¬a¬a¬a

aaa
aaa

¬a¬a¬a

aaa

¬a¬a¬a

¬a¬a¬a

aaa

set of acceptance sets: F = ∅F = ∅F = ∅

∅∅∅

↓↓↓

¬a¬a¬a
©a©a©a

{a}{a}{a}
↓↓↓

aaa
©a©a©a

{a}{a}{a} ∅∅∅

↓↓↓

aaa
¬©a¬©a¬©a

∅∅∅ . . .. . .. . .
↓↓↓

¬a¬a¬a
¬©a¬©a¬©a

. . .. . .. . .

|= ©a|= ©a|= ©a

accepting
run
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Soundness of the GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53a

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

{a}{a}{a}

∅∅∅

{a}{a}{a}

{a}{a}{a}

∅∅∅

∅∅∅

∅∅∅

{a}{a}{a}

for all words σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G): A1 = {a}A1 = {a}A1 = {a}
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Soundness of the GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53a

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

{a}{a}{a}

∅∅∅

{a}{a}{a}

{a}{a}{a}

∅∅∅

∅∅∅

∅∅∅

{a}{a}{a}

for all words σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G): A1 = {a}A1 = {a}A1 = {a}

proof:
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Soundness of the GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53a

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

{a}{a}{a}

∅∅∅

{a}{a}{a}

{a}{a}{a}

∅∅∅

∅∅∅

∅∅∅

{a}{a}{a}

for all words σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G): A1 = {a}A1 = {a}A1 = {a}

proof: Let B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . be an accepting run for σσσ.
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Soundness of the GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53a

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

{a}{a}{a}

∅∅∅

{a}{a}{a}

{a}{a}{a}

∅∅∅

∅∅∅

∅∅∅

{a}{a}{a}

for all words σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G): A1 = {a}A1 = {a}A1 = {a}

proof: Let B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . be an accepting run for σσσ.

=⇒=⇒=⇒ ©a ∈ B0©a ∈ B0©a ∈ B0
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Soundness of the GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53a

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

{a}{a}{a}

∅∅∅

{a}{a}{a}

{a}{a}{a}

∅∅∅

∅∅∅

∅∅∅

{a}{a}{a}

for all words σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G): A1 = {a}A1 = {a}A1 = {a}

proof: Let B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . be an accepting run for σσσ.

=⇒=⇒=⇒ ©a ∈ B0©a ∈ B0©a ∈ B0 and therefore a ∈ B1a ∈ B1a ∈ B1
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Soundness of the GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53a

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

{a}{a}{a}

∅∅∅

{a}{a}{a}

{a}{a}{a}

∅∅∅

∅∅∅

∅∅∅

{a}{a}{a}

for all words σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G): A1 = {a}A1 = {a}A1 = {a}

proof: Let B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . be an accepting run for σσσ.

=⇒=⇒=⇒ ©a ∈ B0©a ∈ B0©a ∈ B0 and therefore a ∈ B1a ∈ B1a ∈ B1

=⇒=⇒=⇒ the outgoing edges of B1B1B1 have label {a}{a}{a}
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Soundness of the GNBA for ϕ =©aϕ =©aϕ =©a ltlmc3.2-53a

a,©aa,©aa,©a a,¬©aa,¬©aa,¬©a

¬a,©a¬a,©a¬a,©a ¬a,¬©a¬a,¬©a¬a,¬©a

{a}{a}{a}

∅∅∅

{a}{a}{a}

{a}{a}{a}

∅∅∅

∅∅∅

∅∅∅

{a}{a}{a}

for all words σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G)σ = A0 A1 A2 A3 . . . ∈ Lω(G): A1 = {a}A1 = {a}A1 = {a}

proof: Let B0 B1 B2 . . .B0 B1 B2 . . .B0 B1 B2 . . . be an accepting run for σσσ.

=⇒=⇒=⇒ ©a ∈ B0©a ∈ B0©a ∈ B0 and therefore a ∈ B1a ∈ B1a ∈ B1

=⇒=⇒=⇒ the outgoing edges of B1B1B1 have label {a}{a}{a}

=⇒=⇒=⇒ {a} = B1 ∩ AP = A1{a} = B1 ∩ AP = A1{a} = B1 ∩ AP = A1
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Example: GNBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

182 / 527



Example: GNBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

locally inconsistent: {a, b,¬(a U b)}{a, b,¬(a U b)}{a, b,¬(a U b)}

{¬a, b,¬(a U b)}{¬a, b,¬(a U b)}{¬a, b,¬(a U b)}

{¬a,¬b, a U b}{¬a,¬b, a U b}{¬a,¬b, a U b}
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Example: GNBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

initial states: BBB with ϕ = a U b ∈ Bϕ = a U b ∈ Bϕ = a U b ∈ B
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Example: GNBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

initial states: BBB with ϕ = a U b ∈ Bϕ = a U b ∈ Bϕ = a U b ∈ B
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Example: GNBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

initial states: BBB with ϕ = a U b ∈ Bϕ = a U b ∈ Bϕ = a U b ∈ B

acceptance condition: just one set of accept states

F =F =F = set of all BBB with ϕ 6∈ Bϕ 6∈ Bϕ 6∈ B or b ∈ Bb ∈ Bb ∈ B
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Example: GNBA for ϕ = a U bϕ = a U bϕ = a U b ←−←−←−NBA ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

initial states: BBB with ϕ = a U b ∈ Bϕ = a U b ∈ Bϕ = a U b ∈ B

acceptance condition: just one set of accept states

F =F =F = set of all BBB with ϕ 6∈ Bϕ 6∈ Bϕ 6∈ B or b ∈ Bb ∈ Bb ∈ B
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

initial states: BBB with ϕ = a U b ∈ Bϕ = a U b ∈ Bϕ = a U b ∈ B

acceptance condition: just one set of accept states

F =F =F = set of all BBB with ϕ 6∈ Bϕ 6∈ Bϕ 6∈ B or b ∈ Bb ∈ Bb ∈ B
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

transition relation: B ′ ∈ δ(B,B ∩ AP)B ′ ∈ δ(B ,B ∩ AP)B ′ ∈ δ(B,B ∩ AP) iff

a U b ∈ B ⇐⇒
(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ b¬a ∧ b¬a ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b

transition relation: B ′ ∈ δ(B,B ∩ AP)B ′ ∈ δ(B ,B ∩ AP)B ′ ∈ δ(B,B ∩ AP) iff

a U b ∈ B ⇐⇒
(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

a ∧ ba ∧ ba ∧ b
a ∧ ba ∧ ba ∧ b

transition relation: B ′ ∈ δ(B,B ∩ AP)B ′ ∈ δ(B ,B ∩ AP)B ′ ∈ δ(B,B ∩ AP) iff

a U b ∈ B ⇐⇒
(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b
a ∧ ¬ba ∧ ¬ba ∧ ¬b

transition relation: B ′ ∈ δ(B,B ∩ AP)B ′ ∈ δ(B ,B ∩ AP)B ′ ∈ δ(B,B ∩ AP) iff

a U b ∈ B ⇐⇒
(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬b

transition relation: B ′ ∈ δ(B,B ∩ AP)B ′ ∈ δ(B ,B ∩ AP)B ′ ∈ δ(B,B ∩ AP) iff

a U b ∈ B ⇐⇒
(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-54

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b

a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b, a U ba,¬b, a U ba,¬b, a U b

a ∧ ¬ba ∧ ¬ba ∧ ¬b

transition relation: B ′ ∈ δ(B,B ∩ AP)B ′ ∈ δ(B ,B ∩ AP)B ′ ∈ δ(B,B ∩ AP) iff

a U b ∈ B ⇐⇒
(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)
a U b ∈ B ⇐⇒

(
b ∈ B ∨ ( a ∈ B ∧ a U b ∈ B ′ )

)

194 / 527



Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-55

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-55

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a}{a}{a} {a}{a}{a} {a, b}{a, b}{a, b} ∅∅∅ ∅∅∅ ∅∅∅ . . . |= a U b. . . |= a U b. . . |= a U b
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-55

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a}{a}{a} {a}{a}{a} {a, b}{a, b}{a, b} ∅∅∅ ∅∅∅ ∅∅∅ . . . |= a U b. . . |= a U b. . . |= a U b
↓↓↓
aaa
¬b¬b¬b
ϕϕϕ
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-55

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a}{a}{a} {a}{a}{a} {a, b}{a, b}{a, b} ∅∅∅ ∅∅∅ ∅∅∅ . . . |= a U b. . . |= a U b. . . |= a U b
↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
¬b¬b¬b
ϕϕϕ
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-55

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a}{a}{a} {a}{a}{a} {a, b}{a, b}{a, b} ∅∅∅ ∅∅∅ ∅∅∅ . . . |= a U b. . . |= a U b. . . |= a U b
↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
bbb
ϕϕϕ

{ } { } { b} ∅
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-55

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a}{a}{a} {a}{a}{a} {a, b}{a, b}{a, b} ∅∅∅ ∅∅∅ ∅∅∅ . . . |= a U b. . . |= a U b. . . |= a U b
↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
bbb
ϕϕϕ

↓↓↓
¬a¬a¬a
¬b¬b¬b
¬ϕ¬ϕ¬ϕ

{ } { } { b} ∅
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-55

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a}{a}{a} {a}{a}{a} {a, b}{a, b}{a, b} ∅∅∅ ∅∅∅ ∅∅∅ . . . |= a U b. . . |= a U b. . . |= a U b
↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
bbb
ϕϕϕ

↓↓↓
¬a¬a¬a
¬b¬b¬b
¬ϕ¬ϕ¬ϕ

↓↓↓
¬a¬a¬a
¬b¬b¬b
¬ϕ¬ϕ¬ϕ

{ } { } { b} ∅
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-55

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a}{a}{a} {a}{a}{a} {a, b}{a, b}{a, b} ∅∅∅ ∅∅∅ ∅∅∅ . . . |= a U b. . . |= a U b. . . |= a U b
↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
bbb
ϕϕϕ

↓↓↓
¬a¬a¬a
¬b¬b¬b
¬ϕ¬ϕ¬ϕ

↓↓↓
¬a¬a¬a
¬b¬b¬b
¬ϕ¬ϕ¬ϕ

↓↓↓
¬a¬a¬a
¬b¬b¬b
¬ϕ¬ϕ¬ϕ

{ } { } { b} ∅
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-55

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a}{a}{a} {a}{a}{a} {a, b}{a, b}{a, b} ∅∅∅ ∅∅∅ ∅∅∅ . . . |= a U b. . . |= a U b. . . |= a U b
↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
¬b¬b¬b
ϕϕϕ

↓↓↓
aaa
bbb
ϕϕϕ

↓↓↓
¬a¬a¬a
¬b¬b¬b
¬ϕ¬ϕ¬ϕ

↓↓↓
¬a¬a¬a
¬b¬b¬b
¬ϕ¬ϕ¬ϕ

↓↓↓
¬a¬a¬a
¬b¬b¬b
¬ϕ¬ϕ¬ϕ

accepting
run

{ } { } { b} ∅
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-56

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a} {a} {a} {a} . . . 6|= ϕ{a} {a} {a} {a} . . . 6|= ϕ{a} {a} {a} {a} . . . 6|= ϕ
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-56

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

q0q0q0

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬ba ∧ ba ∧ ba ∧ b

¬a ∧ b¬a ∧ b¬a ∧ b a ∧ ¬ba ∧ ¬ba ∧ ¬b

{a} {a} {a} {a} . . . 6|= ϕ{a} {a} {a} {a} . . . 6|= ϕ{a} {a} {a} {a} . . . 6|= ϕ

only 111 infinite run: q0 q0 q0 . . .q0 q0 q0 . . .q0 q0 q0 . . .
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-56

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

q0q0q0

{a}{a}{a}

∅∅∅
.........
.........
.........

.........

{a, b}{a, b}{a, b}
.........
.........

.........
.........

{b}{b}{b}

.........
.........

.........

.........

{a}{a}{a}

.........

{a} {a} {a} {a} . . . 6|= ϕ{a} {a} {a} {a} . . . 6|= ϕ{a} {a} {a} {a} . . . 6|= ϕ

only 111 infinite run: q0 q0 q0 . . .q0 q0 q0 . . .q0 q0 q0 . . .
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Example: (G)NBA for ϕ = a U bϕ = a U bϕ = a U b ltlmc3.2-56

a, b, a U ba, b, a U ba, b, a U b ¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)¬a,¬b,¬(a U b)

¬a, b, a U b¬a, b, a U b¬a, b, a U b a,¬b,¬(a U b)a,¬b,¬(a U b)a,¬b,¬(a U b)

a,¬b, a U ba,¬b, a U ba,¬b, a U b

q0q0q0

{a}{a}{a}

∅∅∅
.........
.........
.........

.........

{a, b}{a, b}{a, b}
.........
.........

.........
.........

{b}{b}{b}

.........
.........

.........

.........

{a}{a}{a}

.........

{a} {a} {a} {a} . . . 6|= ϕ{a} {a} {a} {a} . . . 6|= ϕ{a} {a} {a} {a} . . . 6|= ϕ

only 111 infinite run: q0 q0 q0 . . .q0 q0 q0 . . .q0 q0 q0 . . . not accepting
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GNBA for LTL-formula ϕϕϕ ltlmc3.2-57a

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}

initial states: Q0Q0Q0 ===
{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}

transition relation: for B ∈ QB ∈ QB ∈ Q and A ∈ 2APA ∈ 2APA ∈ 2AP :

if A 6= B ∩ APA 6= B ∩ APA 6= B ∩ AP then δ(B,A) = ∅δ(B ,A) = ∅δ(B ,A) = ∅

if A = B ∩ APA = B ∩ APA = B ∩ AP then δ(B,A) =δ(B ,A) =δ(B ,A) = set of all B ′ ∈ QB ′ ∈ QB ′ ∈ Q s.t.

©ψ ∈ B©ψ ∈ B©ψ ∈ B iff ψ ∈ B ′ψ ∈ B ′ψ ∈ B ′

ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B iff (ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)

acceptance set F =
{
Fψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

where Fψ1 Uψ2
=

{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
F ψ1 Uψ2

=
{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
Fψ1 Uψ2

=
{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
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